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1 Introduction

O neofthem ajorrecentresearch topicsin both m acroeconom icandgrowth
theoriesdealswith the existence ofsom e form ofheterogeneity.T heory is
shiftingfrom concentratingonly on thebehaviorofaggregatesthrough tim e
towardsaddressing andincorporating evolution ofdistributions.
T hisisrelated, in part, with thestillpoortoolkitin which theeconom ic

profession istrained.A n obviousm odeling fram ework fortheevolution of
distributionsarepartialdi®erentialequations(PD E), and, in particular, of
theparabolickind.
In otherscienti¯careas, asphysics, biology, geography anddem ography

som e phenomena involving space-tim e dynam icsare representedby PD E.
Forinstancethedynam icsofheath, waves, epidem ics, populations, etc.
H oweverPD E'shave notbeen completely absentto econom ics. In ¯-

nance, theiruse started in the early 70'sin m odelsforpricing contingent
claim sin completem arketswith risk neutrality, following [3] and[15].B a-
sically, alloption pricing m odelsassum e that the price ofthe underlying
assetfollowsa di®usion process, orthatthe inform ation revelation m ech-
anism isa ¯ltration overa B rownian m otion, and itspricing equation isa
parabolicPD E (ora partialdi®erentialinequality)with m oreorlesscom -
plicatedboundary conditions(classicorfree)1

In econom ictheory, therepresentation ofm odelsby PD E hasarisen in
severalcontexts:in thetargetzonesm odels, which arebasically open econ-
om y ISL M m odelswith uncertainty(see[11]);on thespatialdynam ics, and,
in particularon thedynam icsofagglomeration (see[9]fora ¯rstcontribu-
tion andform orerecentapproachessee[2], or[20], chap.3.);on thespatial
dynam icsofprices(see[28]);on m igration see[16];orin vintagem odelsof
thecapitalstock (see[24]).
Itseemssurprising thatthisform alstructurehashadsuch a sm allim -

pactontherecentm acroeconom icliterature,given itspotentialform odeling
in thepresenceofheterogeneousagents, incompletem arketsin generalequi-
librium andtheredistributiveconsequencesof¯scalpolicy.2

In thispaper, we dealwith growth theory within a explicitly m odeled
spatialheterogeneouseconomy.A swith the m acro literature, centraldis-
tributionalaspectsofgrowth, asconvergencebetween growing countriesor
regionshavebeen dealtin theliterature in a a-spatialcontext3.T hebasic

1[10],chap.4explicitlydealswiththerelationshipsbetweenthePD E andtheB rownian
m otion.

2See[23]fora recentsurvey ofthisliterature.
3Seeforinstance[5]and[19].

1



sim plifying assumptionsusually m adetendto im ply eithertheelim ination
ofthedynam ics(by dealing only with thesteady statedistribution)orthe
spatialdistribution (by reducing allthe analysisto the comparative dy-
nam icsofonly two pointsin the support. In particular, the convergence
controversy in growth theory between Sala-y-M artin andQ uah, on the¯¡
and¾¡, convergencesm ay beclari¯edby using a parabolicPD E 4.
W eextendthecapitalaccumulation m odelby Solow [26]in thesim plest

way, by introducing space within a regionalbudget constraint equation.
A ssum ing thatan economy iscomposedbyspatially heterogeneousregions,
iftheseregionsarenot isolatedthen capitalwill°ow notonly acrosstim e
butalso acrossspace.Ifa region haspositivesavingsitwillinvestin own
¯nancialassetsand in assetsissuesby neighboring regions.W hile the¯rst
investm ent willraise itsproductive capacity, the latterwillincrease the
productivecapacity ofneighboring regions.
W e study the qualitative propertiesofthe solution, by assum ing that

theyareofthetravelingwavetype.T hatis, thatthereisa wavethatevolves
through tim e ata given speedwhilekeeping itsbasicform.W efoundthat
forthe existence oftraveling wavesthey shouldhave in¯nite speed.T his
resultisnotsurprising, becausewedidnotintroduceany dam pening e®ect
in the geographicaldistribution ofcapital.T heconsequenceofthisisthat
the Solow m odeliscompatible with thepresenceofdomesticcapital°ows
in a perfectcapitalm arketeconomy.
T hesecondm odelisa extension oftheoptim algrowthm odelwith cross-

sectionalheterogeneity. T herefore, we addressthe existence and proper-
tiesofoptim aldistributive policies. N ow, di®erently from the aggregate
intertemporaloptim ization, the inter-personalaggregation optim ization is
notso undisputable.W e m ay have severaloptim ality criteria (B entham -
Ian, R awlsian, V on-N eum ann-M orgenstern, etc)thatm ay leadto di®erent
optim aldistributionalpolicies. In particular, we assum ed a B entham ian
benevolent dictatorwhich allocatesconsumption both through tim e and
spacein ordertom axim izethepresentvaluean un-weightedaggregateutil-
ity function.A gain, westudiedtheoptim alPD E system forthepresenceof
traveling waves.In thiscasetraveling waveswillnotexist.
N ext, in section 2wepresentandstudy a m odelwith capitalaccumula-

tion andm igration and in section 3theoptim alintertemporaldistribution
m odel.T helastsection concludes.

4See[25]and[21].[13]isa canonicquotation in thisliterature, asa pathbreakingpaper
on thetheory ofincom edistribution.W ethink thattheensuing analysisisboth sim pler
andm orepowerful.
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2 C apitalaccumulation and m igration

In thissection we willconsiderthespatialdim ension in the fram ework of
theSolow [26]m odel.
L etusassum ethatthere isheterogeneity am ong econom icunitsspread

outacrossthecontinuum X = (¡1;+1).C allitspace.A ta givenm om ent
ttheunitlocatedatxischaracterizedbythestockofcapitalandthelevelof
consumption, k(t;x)andc(t;x), respectively, where(t;x)2(T ;X )½ R+ £
R.In particular, the initialdistribution ofthecapitalstock endowm entsis
given by k(0;w)= k0(w), andwem ay assume C auchyboundaryconditions
aslim x! §1 k(x;t) = 0. W ith the capitalstock allocated to productive
activities, each region producesy(t;x) = f[k(t;x)]. W e assum e that the
technology isthe sam e acrossdi®erentregionsand thatthe di®erencesin
them arginalproductivity ofcapitalareonlyrelatedtothedi®erentcapital
endowm ents.T hetechnology isneoclassical:weneedsom einputtoproduce
a positive quantities(f(0)= 0, f(:) > 0fork > 0), the m arginalreturns
arepositive(f0(:)> 0andInada), butaredecreasing(f00< 0).Tosim plify
assum ea C obb-D ouglasproduction function:

y= Ak®; 0< ® < 1

whereAisan exogenousconstantandhom ogeneousH icks-neutraltechnol-
ogy param eter.
T herefore

s(t;x)= f[k(t;x)]¡ c(t;x)

arethesavingsforeachlocation attim et..In ordertostaycloseaspossible
toSolow's[26]m odel, assum ethatc(t;x)= (̄ ¡1)f[k(t;x)], with¯2(0;1).
T hen ass(t;x)= ¯f[k(t;x)], beta isthe m arginalpropension to saving at
thelocation x.
T herefore, the only sourceofheterogeneity isrelatedto thedi®erences

in thespatialallocation ofthestock ofcapital.
A llthepreviousvariablesaredē nedinpercapita terms.W eareim plic-

itly assum ing thatpopulation distribution m ay change through tim e such
that

R
X (́t;x)dx= 1identically forallt.A sthere isno population m igra-

tion we m ay assum ethat it isevenly distributedacrossspace andexclude
itfrom thesubsequentanalysis.
A region isan aggregation ofneighboring locations, that it R µ X .

Forregion R , thecorresponding aggregate are K (t)=
R
R k(t;x)dx, S(t)=R

R s(t;x)dx, forthecapitalstock and°ow ofsavings, fora particularm o-
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m ent.Ifwe assum ethatthecapitalstock depreciatesa constanthom oge-
neousrate½2(0;1), then theaggregatenetinvestm entis

dK
dt

¡ ½K (t)=
Z

R

@ k(t;x)
@ t

dx¡ ½
Z

R
k(t;x)dx=

Z

R

·
@ k(t;x)

@ t
¡ ½k(t;x)

¸
dx:

In thissetting, the regionalequilibrium changesboth acrosstim e and
space.That is, there isboth capitalaccumulation within each region and
capitalm igration.A swe assum e thatthere are no costsofadjustm ent in
investm entand thatthe capitalm arket isperfect, then k representsboth
physicalcapitalandequity, i.e., ¯nancialclaim stocapital.
L et usseparate the two typesofdynam ics, by dealing ¯rstwith capi-

talaccumulation through tim e and introducing nextthecapitalm igration
acrossspace.

2.1 A utarky

A ssum e that there are no capital°owsbetween regions. A sproduction,
consumption, investm entand¯nancing activitiesarecarriedon in autarky,
then net investm ent isperm anently equalto consumption, in each region.
T hen, by aggregation, we willhave the m acroeconom icequilibrium , dK

dt ¡
½K (t)= S(t),

Z

R

@ k(t;x)
@ t

¡ ½k(t;x)¡ s(t;x)dx= 0 8t; (1)

or, equivalently @ k
@ t = s¡ ½k.Ifcapital°owsinternally toeach region, there

willbe spatialhom ogeneity intra-wallsthen, k(t;x)= k(t) and we get a
version oftheSolow capitalaccumulation equation

dk(t)
dt

= ¯f(k(t))¡ ½k(t);

m eaning thatwhen thereisexcesssavingsovercapitaldepreciation, capital
willaccumulatethrough tim e in each region.
T hen thisisa m odelfortheso-called¯-convergency:if¯@ f

@k < ½, forany
x, then each country willtendto itsown steady state equilibrium . C on-
vergence isonly constrainedby the factthat, foreach country, the initial
endowm entsm ay bedi®erentfrom theirown steady statestock ofcapital.
T he m arginalproductivity ofcapitalm ay be andwillkeepbeing di®erent
acrosscountriesalong the transition path.A swe assum e that allthe pa-
ram etersareequalacrossregions, they willtendto thesam esteady-state.
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Ifwe assum edthatthere isspatialheterogeneity in the behavioralprim i-
tiveparam eterstendeach region willtendto itsown di®erentsteady state
capitalstock.
T hough wem ay determ inean evolution ofthecapitaldistribution along

tim e itwillbe independentofany spatialdynam ics.W ithoutany further
structure in the m odel, in particularwithoutany furtherassumption over
thespatialdistribution ofthem arginalproductivity andofthesavingrates,
no conclusionsm ay bedrawn asregards¾-convergence.

2.2 C apitalm igration

Ifcapitalisallowedto °ow between di®erentregions, then theequilibrium
condition (1)willnothold.N ow, capitalwillnotonly accumulatethrough
tim e, but it willalso °ow to di®erentregions. H ere, we willassum e the
sim plestsetup in which the °ow ofcapitalwillresidually °ow asa conse-
quenceofproduction andsavingsdecisions.Therearealsono im perfections
in the inter-regionalcapitalm arketsthatwillim poseany extra prem ium or
discounton capitalm ovem ents.
In theopenregion, them icroeconom icequilibrium condition issuchthat

theaggregatesavingsisequaltoaggregategrossinvestm entplusnetcapital
out°ow, orin otherwords, the ¯nancing capacity isinvested in dom estic
assetsandin foreign assets,
Z

R
s(t;x)dx=

Z

R

µ
@ k(t;x)

@ x
+ ½k(t;x)

¶
dx+

Z

@ R
¡ @ k
@ x

dn = 0; 8t:

T he net capitalout°ow, in the presentset up, m ay be m easured asthe
aggregate °ux ofcapital(@ k@ x) that passesthrough the boundariesofthe
region (@ R )in theoutwarddirection (m inussign)instantaneously.
A seach region hasa boundary, ±R , com posed oftwo borders, capital

m ay °ow in di®erentdirectionsin each border.T herefore, the netcapital
out°ow isgiven form ally by theline integral

R
@ R ¹dn, wheren isthevector

which isnorm altotheboundary @ R .From thedivergencetheorem , wem ay
determ inethenetcapital°ow through theregion asthecom m on integral,

Z

@ R
¹dn =

Z

R
div(¹)dx=

Z

R

@ ¹
@x

dx;

wherediv isthedivergenceoperator5.Then thefollowing m acroeconom ic
5See, forthoseconceptsin advancedcalculus[14].
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equilibrium forregion R results,
Z

R

·
@ k(t;x)

@ t
¡ ½k(t;x)¡ @2k

@x2
¡ s(t;x)

¸
dx= 0 8t:

A sthisequilibrium hasto holdforeach andevery region, then we get
thefollowing quasi-linearparabolicpartialdi®erentialequation

@ k
@ t
=

@ 2k
@x2

+ f(k)¡ c¡ ½k;

which givesusthebehavioralequation forthecapitalstock in a given space-
tim epoint.
T hespatialextension oftheSolow accumulation equation is

@ k
@ t
=

@2k
@x2

+ ¯Ak® ¡ ½k= ¨(t;x): (2)

L ettheassociatedtravelingwavebewritten assask(t;x)= w(»)where
» = x¡ctandcistheunknown speedofpropagation ofthewave.T hen, (2)
m aybeequivalently written asa secondorderordinarydi®erentialequation

::w +c
:w +¯Ak® ¡ ½w = 0; (3)

orhasa system of¯rst-orderO D E's

_w = p
_p = ¡cp¡ ¯Ak® + ½w: (4)

Fora scalarequation theonly typeofm onotonoustraveling wavesthat
m ay existarefrontwaves.A frontwaveisa solution ofequations(3)or(4)
such that

lim
»!§1

w(»)= w§; w+ 6= w¡:

Ifw isa bounded function then the stationary pointsand theirlocal
stability propertiesm ay be determ ined from the zerosofthe kineticnon-
distributedequation

_k(t)= ¯Ak® ¡ ½k:

T herefore, weget

w+ = 0 w¡ =
µ
¯®A
½

¶ 1
1¡®

;
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andw+ islocally unstableandw¡ islocally stablebecause

@ F (w+)
@ w

= +1;
@ F (w¡)

@ w
= (®¡ 1)½< 0:

Equivalently, theequilibrium pointsofthe(4)system are(0;w+)= (0;0)
and(0;w¡).T he¯rstisa saddlepoint(with§1 eigenvaluesandthesecond
isa stablenode.
V olpertetal[27]callthisthem onostablecase.T hen according to the

existence theorem in [27] the parabolicPD E adm itsa stationary traveling
wavesolution, ofthem onotonouswavefronttype, ifthereisa criticalvalue
forthe wave speed ofpropagation (c¤)such that ifc¸ c¤.T hiswave is
stationary in thesensethatittravelsacrossspacewith speedckeeping the
sam eshapethrough tim e.
T hecriticalvalueforthespeedofpropagation thatallowsfortheexis-

tenceofa wavefrontm ay alsobecomputed(see[27], page22):asF (:):=
¯A¹®¡½¹> 0forw+ < ¹< w¡ andF 0(w+)¸ F 0(¹)forforw+ · ¹· w¡ ,
then c¤= 2(F 0(w+))

1
2 = +1.

T herefore, ifitexists, thestationarywavefrontsshouldpropagateatan
in¯nitespeed.Ifweconsiderthespace-tim efram efor» = x¡ct, thecritical
speedcorrespondsto a case in which thespacedim ension isnotimportant
forthedynam icsofcapitalstock.
T he intuition forthism ay be the following. Ifthere isan initialhet-

erogenousdistribution ofcapitalk0(x), theregionswith the lowestcapital
stockwillhavehigherm arginalproductivitiesofcapital.Ifcapitaltravelsin
search forhigherrealinterestrates, then itwill°ow from thelocationswith
higherinitialendowm entsofcapitalto thelocationswith the lowest.T his
willim plya tendencyfortheequalization ofthecapitalstockand, therefore,
ofthe interestratesacrossregions.A stherearenobarriersinstitutionalor
nottoregionalcapital°ows, thecapitalwill°ow in¯nitelyfast.T hisiswhat
weshouldexpectwith perfectcapitalm arkets6.

2.3 C onvergence

Inthism odel, inadditionto¯-convergencewem ayalsodiscuss¾-convergence.
T helasttypeofconvergenceisrelatedtochangein theinter-spatialdisper-
sion in thebeginning andin thesteadystate.W egetthisbyusingequation
(2)andm aking @ k

@t = 0.Inthebeginningifk(0;x)= k0(x)andifwetakethe
variance asm easure ofdispersion, then ¾0:=

R
xx

2k0(x)dx.In the steady

6[2] hassim ilarresultsasregardsthespatialdi®usion ofpricesandinnovation.

7



state, if¨(:)isstationarywewillhavek1(x):= fk(t;x):lim t!1 ¨(t;x)=
0gandtheterm inalvariance ism easuredby ¾1 :=

R
xx

2k1(x)dx.A scap-
italwillcollapsetowardsk¡ = w¡, then therecomplete¾¡convergence as
¾1 = 0.
T hough the asymptoticresultdoesnotseem to beunacceptable in the

very long run, forourpresent tim e scale it iscounterfactual. W e tend
to observe, forinstance in the distribution ofincom e acrosscountries(see
Q uah [21])a bim odaldistribution.W edonotknow ifthatdistribution has
thesam e form asthe asymptoticdistribution orifit isonly a transitional
distribution.In any case, theprevioussim pleextension oftheSolow model
cannotaccountforthistypeoftransitionalorasymptoticdistributions.
T here are otherdi®erentformsofregionalheterogeneity that we m ay

assum e, within thesam ekindoffram ework, othersourcesofheterogeneity:
in the exogenousproductivity factorA = A(t;x), in the share ofcapital
® = ®(t;x)orin savingsbehavior¯ = ¯(t;x).
W e incorporate thelastkindofheterogeneity in a centralizedeconomy

m odel.

3 O ptim aldistribution and growth

A ssum ethatthereisa benevolentdictatorthatallocatesconsumption across
regionsin orderto m axim izean intertemporalaggregatewelfarefunction.
T heR am sey model(see[22])givesa benchm ark form ostofrecenteco-

nom icgrowth andm acroeconom ictheories, both in centralizedand in de-
centralized econom ies. T hat m odeladdressesthe problem ofthe choice
oftheoptim altrajectory ofconsumption when there isa trade-o® between
presentandfutureconsumption.H owever, itassum esa representativeagent
economy withoutheterogenousagents.Equivalently itm ay bethoughtasa
m odelfora representativeagentorregion in an athom isticeconomy.
Ifweassume an economy with heterogeneousagents, whilekeeping the

centralizedsetting, thecentralplannershouldchoosenotonly theoptim al
intertemporalallocation ofconsumption, butalsotheoptim alintratem poral
distribution. T here are two fundam entalspatialdim ensionswhich we do
not¯nd in the form erm odel:¯rst, optim alredistributive policieschange
the distribution ofcapitalam ong di®erentregions, and, second, a criteria
foraggregating utilitiesacrossspaceshouldbem adeexplicit.
W hile there isa largely undisputablecriterium foraggregating utilities

intertemporally(m axim ization oftheactualvalueofpresentandfutureutil-
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ities), thereseveralpossiblecollectivepreferencefunctions7.Severalinter-
personalorinterspatialpreference criteria m ay be found in the literature
(see[1]forthestaticcounterpart)B entham ian, V on-N eum ann-M orgenstern,
egalitarian andR awlsian.T he¯rsttwo, areaverageweightedaggregateutil-
ity functions.H owever, while B entham ian utilitiesassum ean equalweight,
vN M functionsaverageutility functions.Egalitarian aggregateutility func-
tionsm ay be thoughtasm inim izing thesquareofthedeviationsfrom the
personalutility levelsfrom a uniquecom mon benchm ark andR awlsian util-
ity function m ay beseen asm inim izing thevarianceoftheaggregateutility
function.
N extwewillassum ea B entham ian utility criterium , assum ing thatthe

budgetconstraintfortheplanerisgiven bytheaccumulation function stud-
iedin theprevioussection.

3.1 A B entham ian planner

T he B entham ian objective function isan aggregate utility function which
involvesa simple, un-weighted, sum ofthe individualutility functions.In
thepresentintertemporal(dynam icasopposedto thestaticcaseasin [1])
assum e thatthe consum ersaredistributed in the continuum , and assum e
that in each region there isa representative consumer, and that the util-
ity functionsare "spatially" hom ogeneous. T he centralizedproblem isto
m axim ize Z

X

Z 1

0
u(c(t;x))e¡±tdtdx;

subjectto ½
@ k
@t =

@ 2k
@x2+Ak® ¡ c¡ ½k

k(0;x)= k0(x):

T he H am iltonian is

H = u(c)e¡±t+ p(Ak® ¡ c¡ ½k);

andtheoptim alconsumption policy is

@ u[c¤(t;x)]
@ c

= p(t;x)e±t

7W e expressly avoidentering thevast¯eldofcollective preference functions, andag-
gregation criteria, in thesequelof[8].
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wheretheco-statevariable isdeterm inedfrom8
><
>:

@ p
@ t+

@ 2p
@ x2 = ¡p[A®k®¡1¡ ½) 8(x;t)2­

lim x!§1 p(x;t)= 0 8t
lim t! 1

@ p
@ t = 0 8x

Ifwedē ne theco-statevariable in currenttermsasq(t;x)= e±tp(t;x)
and, if, theutility function islogarithm ic, then

c¤(t;x)=
1

q(t;x)
(5)

and 8
><
>:

@ q
@t+

@ 2q
@x2 = q(±+ ½¡A®k®¡1) 8(x;t)2­

lim x!§1 q(x;t)= 0 8t
lim t!1

@ q
@xe

¡±t= 0 8x:
(6)

T hen we willhave a C auchy well-posedproblem which m ay be solved
backwardsfrom t= 1 , forthedualprice.From equation (6)wealso geta
trajectory forthedistribution ofconsumption acrosstim e.
Severalcomparisonsm ay bem adeasregardstheoriginalversion ofthe

R am sey m odel:F irst, thestaticdeterm ination oftheoptim alconsumption
policy isform ally identical. Second, there are intertemporalspatialreal-
locationsofconsumption, which are inducedby the di®usion term in the
dynam icequation forthedualprice ofconsumption, asitm ay beseen in
PD E (6). In otherwords, there are two dim ensionsforthe spatialdi®u-
sion:the¯rstisrelatedto thetendency forthespatialequalization ofthe
m arginalproductivity ofcapitalandthesecond isrelatedwith thespatial
evaluation ofconsumption by thecentralauthority.A tlast, itcan beseen
that, even in thesteadystate, thenetinvestm ent, which shouldbeequalto
thecapitaldepreciation, shouldbeequaltosavingsplustheincom eresulting
from inter-spatialtransfers.

3.2 Traveling wavesolutions

N extwewilladdresstheexistenceoftraveling waves.L et

q(t;x)= w1(x¡ ct) k(t;x)= w2(x¡ ct)

where cisthe speedofpropagation.Then, traveling waves, ifthey exist,
shouldbethesolution ofthesystem

::
w1¡c

:
w1¡w1

¡
±+ ½¡ ®Aw®¡1

2
¢
= 0 (7)

::w2¡c
:w2¡

µ
Aw®

2¡ ½w2¡
1
w1

¶
= 0 (8)
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T heequilibrium pointsfortheassociatednon-distributionkineticsystem are
determ ined, in the space (w1;w2), by the intersection ofthe two isoclines
dw1
dt = dw2

dt = 0.T he ¯rst isocline isgiven by the curvesw1 = 0orw2 =³
®A
±+½

´ 1
1¡® andthesecondby1= w1(Aw®

2¡ ½w2).Itiseasytoseethatthere

isonly one boundedequilibrium point8.T herefore there are no traveling
wavesolutionsforthism odel.
T he intuition forthism ay bethefollowing:ifthere isany localchange

in consumption andthereforein savingsinducedbythecentralauthority, as
capital°owsperfectly acrossregions, therefore theredistributive policy is
completely annihilatedin thetransition path.T herefore, only theintertem -
poraldim ension m atters, andthere isnota stationary space-tim e pattern
between thecapitalstock andconsumption \waves".
T hisisin parta consequenceofthefactthatthecentralauthority has

nota particularpreferenceforconsumption in certain regions.

4 C oncluding rem arks

In thispaperwewantedtoshow thepotentialthatPD E'sandtheoptim al
controlofPD E o®erformodeling heterogeneity in econom icm odels.
W eextendedin thesim plestandm oreneutralwaytwobenchm arkm od-

elsin econom ictheory:theSolow [26]andtheR am sey [22]m odels.W em ay
say thatwe gota con¯rm ation that in the sim plestsetupsthespatialdi-
m ension isunim portant. A contrario, we m ay interpret those m odelsas
space-tim e m odelsin which inter-regionalcapitalm arketsare perfectand
thecentralplannerhasa B entham ian preferencecriterium .

8T he secondcurve hasthe asym ptotew1 = 0.So, we m ay roughly say thatthere is
anotherunboundedequilibrium pointat(+1;0).
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A TravelingwavesolutionsforparabolicPD E sys-
tem s

N ext, we follow the presentationsby [7] and [27]). C onsiderthe C auchy
problem ½

@ u
@t =

@ 2u
@x2+ F (u) (x;t)2­

u(x;0)= f(x) 8x
where u :­ ! Rn, ­ = (¡1;+1)£ [0;+1). A ssum e that F (u), the
source, iscontinuously di®erentiable andf(x)ispiecewise continuousand
bounded.A traveling wavesolution isa solution ofasfunction oftheform

u(x¡ ct)= w(»)

such thatw istwice-continuouslydi®erentiableandboundedon (¡1;+1).
cisthe unknown speedofthewave.T herefore, function w(»)satis̄ esthe
secondordersystem ofO D E equations

½ ::
w +c

:
w +F (w)= 0 8» 2(¡1;+1)

lim »! §1 = w§
(9)

where
:
w= @ w

@ » , orcan bereducedto theequivalent¯rstorderO D E system
8
<
:

_w = p
_p= ¡cp¡ F (w);
lim »!§1 = w§

(10)

W ecallwaves, thesolutionsofsystems(9)or(10).
T here areseveraltypesofwaves.Fortheone-dim ensionalstatespaces

there only two types:stationary waveswhich m ay be m onotone (wave
fronts), ornon-m onotone (pulse wavesand periodicwaves)orsystemsof
waves(wavetrains)andnon-stationary waves.
T heexistence, characterization andthestability propertiesofwavesde-

pendupon thepropertiesofthesourcefunction F (w).
Fortheexistenceofwaves, thetwo lim itsforw shouldexistsuch that

w+ · w(»)· w¡ ¡ 1 < » +1
holds, the derivativesofw tendto zero as» ! §1 and are the zerosof
F (w).T hen a necessary condition fora wave to exist isthatthe function
F (:)shouldhaveatleasttwo zeros.
A dditionally, if a wave exists, the propertiesofthe source allowsus

to classify it andstudy itsstability.Forone dim ensionalstate space, the
following typesofwavesm ay exist:
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² iftheequilibrium pointsaredi®erent, w+ 6= w¡, then wem ay havea
wavefrontiftheeigenvaluesofF (:)arerealandthere isatleastone
negativeeigenvalue, then wavefrontswillexistifthey areallnegative
orifthespeedofpropagation islargerthan a criticalvalue;

² ifw+ = w¡ and ifthere isan hom oclinicloopthen wavesexistand
taketheform ofpulses;

² ifthere isa lim itcyclethen periodictraveling waveswillexist.

In them odelsstudiedin thispaperwem ay havesourcesorsaddlesthen
wavefrontswillexistifc¸ 2(F (w+))

1
2 ifn = 1.(see[27]theorem..).

Stability in thiscontextisrelatedto theapproach to a traveling wave.

B O ptim alcontrolofPD E's

C onsidera statevariablez:­ ! Rn, where­ = R+ £ R m apping (t;x)7!
z(t;x)andthequasi-linearPD E

L z= f(z;u;t;x) (11)

perturbedby a param eteru 2 Rm , where L := ®(t;x)@2
@x2 + x̄(t;x)@

@ x+
t̄(t;x)@@ t isthe parabolicoperator. N ow assum e thatu isa variable u :
­ ! Rm m apping (t;x) 7! u(t;x) and that it ischosen optim ally. T he
associated optim alcontrolproblem consistsin determ ining endogenously
thecontrolvectorsuch thatthefunctionalism axim ized

m ax
Z

­
F (u;z;t;x)dv+

Z

@ ­
S(z;t;x)

in which dv = dt:dx and S isa 1-form.W e also have to im poseboundary
conditions, forinstance C auchy orD irichletboundaries. T hisproblem is
alsocalledtheoptim alcontrolproblem fordistributedparam eterproblems
9.
T heapplication ofthevariationalprincipleleadstothefollowing exten-

sion ofthe Pontryiagin'sm axim um principle, forthe necessary ¯rstorder
conditions:thereisa functionp:­ ! R, m apping(t;x)7! p(t;x),piecewise
continuoussuch that, thestating the H am iltonian as

H (u;z;p;t;x)= F (z;u;t;x)+ pf(z;u;t;x);
9See[4], [12][24], [18], [6]or[17]forexpositionsanddem onstrationsofthenextresults,

with varying generality.
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theoptim alsolutionsforu andz, u¤ andz¤, verify, foreach (t;x)andforu
adm issible

u¤= argm axuH (u;z;p;t;x);

where
L ¤p= ¡ @ H

@ z

andL ¤:= ¡®(t;x)@ 2
@ x2+ x̄(t;x)@

@ x+ t̄(t;x)@@ t isthedualparabolicoperator.
T he dualboundary conditionsdepend upon the type ofthe problem.

Forthe C auchy problem , thedualboundary conditionsare
½

p(»;t)= 0 if» 2 @ X ;8t
lim t! 1

@ p(t;x)
@ = @ S

@ z 8x2X

and (
@ p(»;t)
@ n = @ S

@ z if» 2 @ X ;8t
lim t! 1 p(t;x)= @ S

@ z 8x2X

fortheD irichletproblem , wheren istheexteriornorm alto @ ­.
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