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The paper

Overview

We study:

a dynamic general equilibrium model;
which extend the ubiquitous Ramsey (1928) model, with endognous labour;
for an imperfectly competitive (Cournotian) economy;

where the markups, the number of Dixit-Stiglitz (1977) vari eties, and the number
of rms are endogenous;

using a (very) limited toolbox;
hoping to be taught on the use of numerical solution methods.
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The paper

Main features

There are two uncommon (in economics) features in the model:

m there is a change in regime, from oligopoly to monopoly, whenthe number of
rms is reduced to one : this generates apiecewise-smoothdi erential equation;
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The paper

Main features

There are two uncommon (in economics) features in the model:

m there is a change in regime, from oligopoly to monopoly, whenthe number of
rms is reduced to one : this generates apiecewise-smoothdi erential equation;

m labour and consumption can be complementary or substitutalle: this generates a
singular DAE.
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Addressing those problems

We were struggling with those problems for a long time, until we found:
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m on the non-smooth dynamics: Di Bernardo, Champneys and all 2008) and Leine
and Nijmeijer (2004).
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Addressing those problems

We were struggling with those problems for a long time, until we found:

m on the non-smooth dynamics: Di Bernardo, Champneys and all 2008) and Leine
and Nijmeijer (2004).

m on the singular part: Venkatasubramanian et all (1995) and Razza (2008).
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The paper

Addressing those problems

We were struggling with those problems for a long time, until we found:

m on the non-smooth dynamics: Di Bernardo, Champneys and all 2008) and Leine
and Nijmeijer (2004).

m on the singular part: Venkatasubramanian et all (1995) and Razza (2008).

m we try to study the qualitative dynamics of our problem with the results
presented therein.
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The talk

Summary:
The model
Local dynamics
Dynamics at the switching boundary
Dynamics at the singular surface
Phase diagrams for some cases
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Components of the model:

m a representative household who solves a standard intertemgral optimization
problem of consumption, labour supply and saving
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m a representative producer of nal goods, which is price-taler;

m z(t) intermediate sectors, each one havingn(v;t) rms, all operating in
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same industry and in prices with other industries;
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The model

Components of the model:

m a representative household who solves a standard intertemgral optimization
problem of consumption, labour supply and saving

m a representative producer of nal goods, which is price-taler;

m z(t) intermediate sectors, each one havingn(v;t) rms, all operating in
imperfectly competitive (Cournotian) markets: rms compe te in quantities in the
same industry and in prices with other industries;

m equilibrium equations for all markets.
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The model

Representative household's problem

Determines
Zy
max U= In(C(t) ——L(t)"*! e dt
[COLML o 0 1+1
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Representative household's problem

Determines
Zy

U= In(c(y LtL(t)l” e "ldt

max
[COiLD)]; o 1+

subject to
K(t)=w(t)L{t)+ r)Kt)+ ( t) C(t)
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Determines
Z¥ X 1+t rt
ma; U= In(C(t —L(t e "dt
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subject to
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The model

Representative household's problem

Determines
Z¥ X 1+t rt
ma; U= In(C(t —L(t e "dt
[C(t):L(t)§]1 0 0 () 1+t ®
subject to
K(t)= w()Lt)+ rt)K)+ ( t) C(t)
and

K(0)= Ko> 0; tl.i”iK(t)e e g

exogenous variables:w(t), r(t), ( t);

endogenous variables:C(t)= consumption, K (t)= stock of capital, L(t)=labour
e ort;

parameters: r > 0, x> 0,t> 0
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The model

Households' problem: solution

Consumption Euler equation:
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Households' problem: solution

Consumption Euler equation:

) _

oM rit) (r+d
Consumption - labour supply arbitrage equation
w(t)
xC(t)

L(t) =
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The model

Households' problem: solution

Consumption Euler equation:

ct) _
oM r(t) (r+ad

Consumption - labour supply arbitrage equation

_ow(t)
LO= em
Transversality condition
A K g
¥ C(t)
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The model

Final good producer problem

Determines
z z(t

(t)
max  p(t)= P(1)Y (1) p(v;t)y(v;t)dv
Y (vi)vz[o;z(ty 0
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The model

Final good producer problem

Determines
z z(t

(t)
max  p(t)= P(1)Y (1) p(v;t)y(v;t)dv
Y (vi)vz[o;z(ty 0

subject to

L Za s1 5
Y (t)=z(t)Ts y(v;t) s dv
0

endogenous variables:y (v;t) input of variety v 2 [0;z(t)], z(t) 2 (0;1], Y (t)
output;

exogenous variables:p(v;t), P(t) prices;

parameters: s > 1 elasticity of demand for input v
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The model

Final good producer problem: solution

Demand for input v
P(vit) *Y(1)

y(vit)= PO 0]
where . Z 0 1
— .+\1 s _
P(t)= m 0 p(v;t)” Zdv =1
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The model

The intermediate producer problem

The representative rm i 2 n(v;t) in industry v 2 [0;z(t)] determines

Li<v§??<’f<v;t) i(vit)= p(vit)yi(v;t)  w(t)Li(vit) r(t)Ki(v;t)
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The intermediate producer problem

The representative rm i 2 n(v;t) in industry v 2 [0;z(t)] determines

LM i(vit)= p(vit)yi(v;t)  w(t)Li(vit) r(t)Ki(v;t)
subject to 3
yi(vit)+ & y(vit)_ °
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The model

The intermediate producer problem

The representative rm i 2 n(v;t) in industry v 2 [0;z(t)] determines

Li<v§??<’f<v;t) i(vit)= p(vit)yi(v;t)  w(t)Li(vit) r(t)Ki(v;t)

subject to 3
yi(vi)+ & ye(vit)_ °

6i2Vv

p(vit)= 4z(t) 0]

and
yi(vit)= F(Ki(v;t);Li(v;t)) f
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The model

The intermediate producer problem

The representative rm i 2 n(v;t) in industry v 2 [0;z(t)] determines

Li<v§??<’f<v;t) i(vit)= p(vit)yi(v;t)  w(t)Li(vit) r(t)Ki(v;t)

subject to 3
yi(vi)+ & ye(vit)_ °

6i2Vv

p(vit)= 4z(t) 0]

and

yi(vit)= F(Ki(vit);Li(vit)) f
endogenous variables:K;(v;t), Li(v;t), yi(v;t), p(v;t);
exogenous variables:yy (v;t), w(t), r(t);
parameters: f = xed cost
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The model

The intermediate producer problem: solution

Optimality conditions

(- . _ o w(t)

[T mv;lFLi(vit) = p(vit)
. oy = r(t)

L mElFan = s
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The model

The intermediate producer problem: solution

Optimality conditions

(- . _ o w(t)

[T mv;lFLi(vit) = p(vit)
. oy = r(t)

L mElFan = s

where:
m(v;t)=[p(v;t) MCi(vit)]=p(v;t) 2 (0;1)
is the Lerner index for rm i in industry v
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The model

The intermediate producer problem: solution

Optimality conditions

(- . _ o w(t)

[T mv;lFLi(vit) = p(vit)
. oy = r(t)

L mElFan = s

where:
m(vit)=[p(v;t) MCi(v;t)]=p(v;t) 2 (0;1)

is the Lerner index for rm i in industry v

and
MCi(v;t) = w(t)=Fr;(vit) = r(t)=F;(v;t)
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The model

Symmetric equilibrium and aggregation

We consider a doubly symmetric equilibrium both at the intra-industrial and the
inter-industrial levels, which implies

m(v;t) = nvit) =1 =[sn(v;t)]
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Symmetric equilibrium and aggregation
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m(v;t) = mv;t) =1=sn(v;t)]
Aggregate output becomes
Y (t)= AF(K(t);L(t)) z(t)n(t)f
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The model

Symmetric equilibrium and aggregation

We consider a doubly symmetric equilibrium both at the intra-industrial and the
inter-industrial levels, which implies

m(v;t) = mv;t) =1=sn(v;t)]
Aggregate output becomes
Y (t)= AF(K(t);L(t)) z(t)n(t)f

Aggregation pro ts are
z z
(D= Y (vitydv = mOF (KLY 2(On()f

where z(t)n(t) is indeterminate.
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The model

Free entry in alternative regimes

Assumption: there is instantaneous free entry (and zero enty costs), then
(t)y=o0.
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The model

Free entry in alternative regimes

Assumption: there is instantaneous free entry (and zero enty costs), then
(t)y=o0.

Solving the indetermination of nz: two regimes exist

(1) a monopolistic-competition (MC) regime, when K is small:
n=1 and entry determines the equilibrium value of z 2 (0;1).
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The model

Free entry in alternative regimes

Assumption: there is instantaneous free entry (and zero enty costs), then
(t)y=o0.

Solving the indetermination of nz: two regimes exist

(1) a monopolistic-competition (MC) regime, when K is small:
n=1 and entry determines the equilibrium value of z 2 (0;1).

(2) oligopoly regime, when K is larger:
z =1 and entry determines the equilibrium value of n 1.
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The model

Free entry in alternative regimes

Assumption: there is instantaneous free entry (and zero enty costs), then
(t)y=o0.

Solving the indetermination of nz: two regimes exist

(1) a monopolistic-competition (MC) regime, when K is small:
n=1 and entry determines the equilibrium value of z 2 (0;1).
(2) oligopoly regime, when K is larger:

z =1 and entry determines the equilibrium value of n 1.
Then

1=s if m(K;L) 1=s

m= mK;L) = m(K;L) ifm(K;L) 1=s:
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Is de ned by the paths f(C(t);K(t);L(t);r(t);w(t);z(t);n(t); t 2 R+ g that solve

C = C(r(K;L) r);
K = (r(K;DK aC)=a;
0 = g(CK;L)=C r(K;L)K(L =L)1+t;
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Is de ned by the paths f(C(t);K(t);L(t);r(t);w(t);z(t);n(t); t 2 R+ g that solve

C = C(r(K;L) r);
K = (r(K;DK aC)=a;
0 = g(CK;L)=C r(K;L)K(L =L)1+t;
where |
r(K;L) = (1 1=s)aF(K;L)=K ifm(K:L) 1=s

@ m(K;L)aF(K;L)=K ifm(K;L) 1=s
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Is de ned by the paths f(C(t);K(t);L(t);r(t);w(t);z(t);n(t); t 2 R+ g that solve

C = C(r(K;L) r);
K = (r(K;L)K aC)=a;
0 = g(CiK;L)=C r(K;L)K(L =L)*t;
where (
KL = 1 1=s)aF(K;L)=K ifm(K;L) 1=s
T @ m(K;L)aF(K;L)=K ifm(K;L) 1=s
and

m(K;L)=( f=s)2F(K;L) ¥, F(K;L)= K3L! 8;0<a<1
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Is de ned by the paths f(C(t);K(t);L(t);r(t);w(t);z(t);n(t); t 2 R+ g that solve

C = C(r(K;L) r);
K = (r(K;L)K aC)=a;
0 = g(CiK;L)=C r(K;L)K(L =L)*t;
where (
FK-L) = 1 1=s)aF(K;L)=K ifm(K;L) 1=s
(KiL)= 1 m(K;L)aF(K;L)=K ifm(K;L) 1=s
and
m(K;L)=( f=s)2F(K;L) ¥2; F(K;L)= K3L! &;0<a<1
given

K(©0)= Kg> 0; tlinle MK (t)=C(t)=0
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Main surfaces

m Constraint surface
C f (CiK;L) 2R}, : g(CiK;L;q)=0g:
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Main surfaces

m Constraint surface
C f (CKiL)2R%, @ g(CiKiLiq)=0g:
m switching boundary
f (C;K;L)2C: m(K;L;q)=1=sg:
splits C into Ci[ [ C
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Main surfaces

m Constraint surface
C f (CiK;L) 2R%, 1 g(CiKiLig)=0g:
m switching boundary
f (C;K;L)2C: m(K;L;q)=1=sg:
splits C into Ci[ [ C
m locus for regular and smooth bifurcations

21 a)

B f (C;K;L)2Cy: m(C;K;L)=1=sg > 2
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Main surfaces

m Singularity surface

2(a+t)

KL 2GCo: KL =1= —
S (CiKiD2C:m(CiKi=1=ss =

where g (C;L;K) =0
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Main surfaces

m Singularity surface

2(a+t)

KL 2GCo: KL =1= —
S (CiKiD2C:m(CiKi=1=ss =

where g (C;L;K) =0

m if (C;L;K)2S we can reduce the DAE to a piecewise somooth ODE (over
(C;K) or (L;K))
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Main surfaces

m Singularity surface

K- : Y21 = 2(a+t)
S (C;K;L) 2 Co: m(C;K;L)=1 =sg TroiT A
where g (C;L;K) =0

m if (C;L;K)2S we can reduce the DAE to a piecewise somooth ODE (over
(C;K) or (L;K))

m if (C;L;K)2 S we cannot
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The main functions: contour plots

r(K;L) function C(K;L) function
s < ss(ast) s < sg(a)

s > ss(a;t) s > sg(a)

@
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A rst bifurcation diagram

2 taut* tau*

SigmaB

sigma$

1 2 3

m Existence of singularities
if s > sg then there is no singularity for function g, S is empty;
if s = sg then there is a singularity singularities for functiong and S = ;
if 1 < s < sg then function g has a singularity

= Number of stationary equilibria (steady states)

L=1:C = %K (K = fK>0:r(K:L)=rg

If s > sg there is a single equilibrium;
If s sg there may be one, two or three equilibria
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Local dynamics: non-singular

Let (C;K;L) 2S , then the original DAE can be reduced to an ODE

C = C(R(CK) r)
K = a R(CK)K C
where (
(1 1=s)Fx (K;L1(C;K)) if C C (K)

RIGKIZ (1 m(KiLa(CiK) Py (KiLa(CiK)) if C<C (K)

where Lj(C;K) = fL: gj(C;K;L) =0 g is implicitly de ned for j =2
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Local dynamics

The Jacobian:
m if (C ;K ;L)2Cq, has

tr(Jy)= r > O;det(J1)= r2(1+t )1+ t)x(a+1t)<0

Paulo Brito, Lus Costa and Huw Dixon Cournot-Ramsey dynamics



Local dynamics

The Jacobian:
m if (C ;K ;L)2Cq, has

tr(Jy)= r > O;det(J1)= r2(1+t )1+ t)x(a+1t)<0
m for (C ;K ;L )2C;

det(Jp) = r2A+ st )mg(mg m).

(a+t)mg(ms m)

regular saddle-node bifurcation det(J2)=0if m = mg
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Local dynamics

The Jacobian:
m if (C ;K ;L)2Cq, has

tr(Jy)= r > O;det(J1)= r2(1+t )1+ t)x(a+1t)<0
m for (C ;K ;L )2C;

det(Jp) = r2A+ st )mg(mg m).

(a+ t)mg(ms m)
regular saddle-node bifurcation det(J2)=0if m = mg
m for (C ;K ;L )2 the generalized Jacobian 1J has

tr(J ) far(J)+(1  otr(J2);0 g 1g
det(J ) fqdet(J1)+(1 qg)det(J2); 0 g 1g
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Local dynamics

The Jacobian:
m if (C ;K ;L)2Cq, has

tr(Jy)= r > O;det(J1)= r2(1+t )1+ t)x(a+1t)<0
m for (C ;K ;L )2C;

det(Jp) = r2A+ st )mg(mg m).

(a+ t)mg(ms m)
regular saddle-node bifurcation det(J2)=0if m = mg
m for (C ;K ;L )2 the generalized Jacobian 1J has

tr(J ) far(J)+(1  otr(J2);0 g 1g
det(J ) fqdet(J1)+(1 qg)det(J2); 0 g 1g

if minfss;sgg< s < maxfss;sggthen 02 det(J ): discontinuity induced
bifurcation,
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Local dynamics

The Jacobian:
m if (C ;K ;L)2Cq, has

tr(Jy)= r > O;det(J1)= r2(1+t )1+ t)x(a+1t)<0
m for (C ;K ;L )2C;

det(Jp) = r2A+ st )mg(mg m).

(a+ t)mg(ms m)
regular saddle-node bifurcation det(J2)=0if m = mg
m for (C ;K ;L )2 the generalized Jacobian 1J has
r(J ) = far(J)+@ otr(J2);0 g 1g
det(J ) = fqdet(J1)+(1 q)det(J2);0 g 1g

if minfss;sgg< s < maxfss;sggthen 02 det(J ): discontinuity induced
bifurcation,

if not then det(J )2 R : persistence(if s > maxfss;sgg) or coalescence of
equilibria (if s < minfsg;sgQ)
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Local dynamics: singular

Let (C;K;L) 2 S, then consider the transformed vector eld
(92.C)(C; LK)
ZT(cKkn=@ (92LK)(C;LiK)
(92,cC+ g2k K)(C K L)
If s < ssandsg 6 ss, and f = fg, then the equilibrium point (Kg ;Cg ;L )2 S
undergoes asingularity induced bifurcation, in the sense of Venkatasubramanian et all
(1995)):

A

a(CKiL=0,
1c 1Cq.
v gede e g
Oﬁ—cgc 7c 9K

1c 1c JCc
IcC  TK L
detl 7K 7K 3 %60
0 gdc Ok O
1c 1c e 1c
1C K L 7
K 1K K IK
det% < K T T §6o
dc ¢4 gL of
dic 9k 9L Our

1
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Local dynamics: a second bifurcation diagram

ift<(l a)=a ift>(1 a)=a
sigma B sigma_S 1.87 signa_S sigma B
phi_sw
©PER
0.6 icoa 061 ScoA
: : sic
044° 0.4
02+ : : 0279 : :
N : D : A : c : B : A
b e ] o : : :
0 L1 12 13 14 15 L6 17 L0 L1 12 13
(<2 o

RB = regular bifurcation, DIB = discontinuity induced bifur cation, SIB = singularity
induced bifurcation, PER = persistence of equilibria, COA= coalescence of equilibria
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Dynamics at the switching boundary

We consider the solution ow ( t)=( c(t); k(t); L(t))and 1(t) and
2(t), on both sides of , for ( C ;K ;L )2
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Dynamics at the switching boundary

We consider the solution ow ( t)=( c(t); k(t); L(t))and 1(t) and
2(t), on both sides of , for ( C ;K ;L )2

the ow ( 1k (t); 1.(t)) is the solution of

L 1+r!

K = ry(K;L) 1 T (K=a)

1ot

L = r ri(K;L) LT L=(a+t)
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Dynamics at the switching boundary

We consider the solution ow ( t)=(
2(t), on both sides of , for ( C ;K ;L

c(t); «(t); L(t))and 4(t) and
)2

the ow ( 1k (t); 1.(t)) is the solution of
L 1+r!
K = n(K;L) 1 T (K=a)
!
1+t
L = r ri(K;L) — L=(a+t)
and the ow (2« (t); 2.(t)) is the solution of
L 1+r!
K = rK;L) 1 — (K=a)
" 1
1+t . . 1+t Oy
L = Fora(K:D) L +m(K,L)r2(K,L) L 2(1 m(K;L)
L 2(1 m(K;L)) L A+ a+2t)(mg r
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Dynamics at the switching boundary
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Dynamics at the switching boundary

Let h(K;L)= m(K;L) 1=s (then (K;L)2 , h(K;L)=0) and de ne

_ fhd jx(), fhd j;L(t).j:

ViTIK Tt TR e
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Dynamics at the switching boundary

Let h(K;L)= m(K;L) 1=s (then (K;L)2 , h(K;L)=0) and de ne

_ Thd jx(t)  Thd . (t) . _
ITIKTa T a7

m If we evaluate at , we get

1;2

2(1 1s)(a+t)
1+ a+2t)(mg 1=s)’
where v; is a function of the parameters

Vo = V1
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m There are three types of interactions of ( t) with
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Dynamics at the switching boundary

Let h(K;L)= m(K;L) 1=s (then (K;L)2 , h(K;L)=0) and de ne

_ Thd jx(t)  Thd . (t) . _
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m If we evaluate at , we get

1;2

2(1 1s)(a+t)
1+ a+2t)(mg 1=s)’
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Vo = V1

m There are three types of interactions of ( t) with
(t)istangent to if vi= v2=0 and, evaluated at
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Dynamics at the switching boundary

Let h(K;L)= m(K;L) 1=s (then (K;L)2 , h(K;L)=0) and de ne

_ Thd jx(t)  Thd . (t) . _
ITIKTa T a7

m If we evaluate at , we get

1;2

2(1 1s)(a+t)
1+ a+2t)(mg 1=s)’
where v; is a function of the parameters

Vo = V1

m There are three types of interactions of ( t) with
(t)istangent to if vi= v2=0 and, evaluated at
da _d () _da
dK o d oak(t) d o2 (1)

( t)is transverseto if s> sg (viv2> 0)
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Dynamics at the switching boundary

Let h(K;L)= m(K;L) 1=s (then (K;L)2 , h(K;L)=0) and de ne

_ Thd jx(t)  Thd . (t) . _
ITIKTa T a7

m If we evaluate at , we get

1;2

2(1 1s)(a+t)
1+ a+2t)(mg 1=s)’
where v; is a function of the parameters

Vo = V1

m There are three types of interactions of ( t) with
(t)istangent to if vi= v2=0 and, evaluated at
da _d () _da
dK o d oak(t) d o2 (1)

t) is transverseto if s> sg (viv2 > 0)
t) slidesalong to if s < sg (sign(v1) 6 sign(vz))

A (
B (

Paulo Brito, Lus Costa and Huw Dixon Cournot-Ramsey dynamics



Dynamics at the switching surface

Lett<t and

189 =

r(1 a)+(a+t)z(Ly=L)¥! @+ t)z(Ly=L)! !

If < O (below surface =0) there are two tangent points between ( t) and , if
=0 there is one, if > 0 there are no tangent points.
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Dynamics at the singular surface

Consider again the transformed vector eld ZT (C;K ;L) and assume that
(C ;K ;L )2ZS . Three types of contact can exist:
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Dynamics at the singular surface

Consider again the transformed vector eld ZT (C;K ;L) and assume that
(C ;K ;L )2ZS . Three types of contact can exist:

m pseudo-equilibriaif ZT has a xed point, (C ;K ;L ), on S which is not a xed
point of the original vector eld: @2(C;K;L)= g2 (C;K;L)= g2.cC+ gk K- =0.
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Dynamics at the singular surface

Consider again the transformed vector eld ZT (C;K ;L) and assume that
(C ;K ;L )2ZS . Three types of contact can exist:

m pseudo-equilibriaif ZT has a xed point, (C ;K ;L ), on S which is not a xed
point of the original vector eld: @2(C;K;L)= g2 (C;K;L)= g2.cC+ gk K- =0.

m semi-equilibria: tangency point between the ow ( t) and S
02(C;K;L) = g2 (C;K;L) = ga =0
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Dynamics at the singular surface

Consider again the transformed vector eld ZT (C;K ;L) and assume that
(C ;K ;L )2ZS . Three types of contact can exist:

m pseudo-equilibriaif ZT has a xed point, (C ;K ;L ), on S which is not a xed
point of the original vector eld: @2(C;K;L)= g2 (C;K;L)= g2.cC+ gk K- =0.

m semi-equilibria: tangency point between the ow ( t) and S
02(C;K;L) = g2 (C;K;L) = ga =0

m transverse singular points all the other points. Maybe transverse sinks or sources
(also called impasse points)
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Dynamics at the singular surface

In our case:

m pseudo-equilibria exist only ifs < sg (and f 6 fg): if t >t they are unique ,
and if t < t there are zero, one or two (only if fg < f < fg)
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Dynamics at the singular surface

In our case:

m pseudo-equilibria exist only ifs < sg (and f 6 fg): if t >t they are unique ,
and if t < t there are zero, one or two (only if fg < f < fg)

m If a pseudo-equilibria exists then ifL < L it is a saddle-point and if L > L it
is a source;
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Dynamics at the singular surface

In our case:

m pseudo-equilibria exist only ifs < sg (and f 6 fg): if t >t they are unique ,
and if t < t there are zero, one or two (only if fg < f < fg)

m If a pseudo-equilibria exists then ifL < L it is a saddle-point and if L > L it
is a source;

m there are no semi-equilibria

Paulo Brito, Lus Costa and Huw Dixon Cournot-Ramsey dynamics



Bifurcation diagram
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Cournot-Ramsey dynamics
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Cournot-Ramsey dynamics
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Thank you !

ta and Huw Dixon



